Proof. Let δ = δJ B . Then δ(XY) = δ A (δ B (XY)) = δ Λ (Xδ B (Y) + δ B (X)Y) -Xδ A δ B (Y)) + δ A (X)δ B (Y) + δ A (δ B (X))Y + δ B (X)δ A (Y) -Xδ(Y) + δ(X)Y+ δ A (X)δ B (Y) + δ B (X)δ A (Y) .

Therefore δ is a derivation if and only if (1) d A (X)δ B (Y) + δ B (X)δ A (Y) -0 for all X, Ye &(2if).
Replacing X by XZ in (1) 
Starting with (2) a similar argument gives In general the range of a non-invertible linear transformation is topologically small (first category) and has large codimension (see [5] ). It is therefore of some interest to note that the range of a derivation is large in at least one sense, namely it must have a small commutant: 
belongs to the zero subspace so that AB -BA = 0. Therefore δ = δ A δ B -δ B δ A has range consisting of 0 alone so that A or B must be a scalar by the theorem.
REMARKS. (1) The collection of ranges of (bounded) operators on έ%f is a lattice with respect to intersection and vector sum (See [4, 5] (2) The assertion of Corollary (2) is false for three derivations. In fact, if A and B are as in the preceding remark and if
.) However if A,B£έ%(< §ίf) then neither of the subspaces &(δ A ) Π &(δ B ), &(δ A ) + &δ B ) need be the range of a derivation.
2* In the remainder of this note we shall be concerned with density properties of the range of a derivation on &{3(f).
J. G. Stampfli [9] has shown that &{δ A ) is never norm dense, so we consider the situation for the weak operator and weak* topologies on for all x, y and hence T commutes with A. Also f τ (AX) = f τ (XA) for rank one, and therefore for finite rank operators X. Since these are weak* dense in &{£έf) it follows that/ Γ e &(δj°. This implies
Conversely, the preceding computation shows that if
The following conditions are equivalent:
Proof. The negations of conditions (2) and (3) (1) It is easy to exhibit operators that do not commute with a nontrivial operator of trace class. For example the unilateral shift of multiplicity one does not commute with any nonzero compact operator. Hence there are many operators A with the property that the norm closure of the range of δ A contains the compact operators. However [2] there does not exist an operator A such that &(δ A ) z> ^Γ More generally [9] , the range of a derivation can contain no nonzero two-sided ideal of &(2ίf).
(2) In contrast with the preceding corollary, it is not known whether there is an operator A such that the norm closure of &(δ A ) contains the identity operator. (See [10] (Anderson [i] ). An operator A on 3ίf belongs to the class ^,(1 ^ n < oo) if A has an ^-dimensional reducing subspace [7] .
Fuglede Sζ(ί -1, 2) . Also, let C*(A) denote the C*-algebra generated by the operator A. COROLLARY 
2.
The following conditions are equivalent for Linear functionals that are continuous in the weak operator topology correspond (as in the proof of Theorem 2) to operators of finite rank, and so a similar argument shows that (1) and (4) are equivalent. Finally, we have already observed that (1) and (2) are equivalent.
REMARKS.
(1) Corollary 2 of course remains true if C*(A) is replaced by the von Neumann algebra generated by A in (3) and (4). (2) If T = T* G τ(β^) is not of finite rank then the null space of f τ is weak* closed but weak operator topology dense in &{£ίf). Thus the equivalence of (3) and (4) is not valid for arbitrary selfadjoint subspaces. Necessity was proved in [10] . To prove sufficiency one needs to show that if there is a self-adjoint central linear functional for A, then there is also a positive central functional for A.
